Abstract. Narayana's cows problem is a problem similar to the Fibonacci's rabbit problem. We define the numbers which are the solutions of this problem as Narayana's cows numbers. Narayana's cows sequence satisfies the third order recurrence relation Nr = N r−1 + N r−3 (r ≥ 3) with initial condition N 0 = 0, N 1 = N 2 = 1. In this paper, the am + b subscripted Narayana numbers will be expressed by three a step apart Narayana numbers for any 1 ≤ b ≤ a (a ∈ Z). Furthermore, we study the sum S 
Introduction
The Narayana sequence was introduced by the Indian mathematician Narayana in the 14th century, while studying the following problem of a herd of cows and calves: A cow produces one calf every year. Beginning in its fourth year, each calf produces one calf at the beginning of each year. How many calves are there altogether after 20 years? (cf. [1] ).
This problem can be solved in the same way that Fibonacci solved its problem about rabbits (cf. [6] ). If r is the year, then the Narayana problem can be modelled by the recurrence (1.1) N r+1 = N r + N r−2 , N 0 = 0, N 1 = N 2 = 1 (r ≥ 2).
The first few terms are {N r } r≥0 = {0, 1, 1, 1, 2, 3, 4, 6, 9, 13, ...}. This sequence is called Narayana sequence. The sequences {N r } r≥0 can be defined for negative values of r by using the definition N −(s+1) = −N −(s−1) + N −(s−2) (s ≥ 2) with initial conditions N 0 = N −1 = 0 and N −2 = 1. A number of properties of the Narayana sequence were studied in [11] using matrix methods and their generalization called k-Narayana sequence was studied. In [2] , Bilgici defined a new recurrence which is called generalized order-k Narayana's cows sequence and by using this generalization and some matrix properties, he gave some identities related to the Narayana's cows numbers. In this work we shall generalize the identities about ar subscripted Narayana numbers N ar to any N ar+b (1 ≤ b < a). One of our main theorem is to express N ar+b by N 2a+b , N a+b and N b , which are a step apart terms.
Narayana table
For a ∈ N, when we say a columns Narayana table we mean a rectangle shape having a columns that consists of the all Narayana numbers from N 1 in order. So,
We shall investigate a third order linear recurrence N m = p a N m−a + q a N m−2a + N m−3a for Narayana numbers with some p a , q a ∈ Z. 
are equal to (15, −7) and (21, 6), respectively. Remark 2.2. We note that the subscript m of N m could be negative, for example, in 6 columns Narayana table, N 15 = 129 = 10N 9 − N 3 + N −3 .
Definition 2.1. Let r ∈ Z. A sequence n r is called a Narayana type if it satisfies n r + n r+2 − n r+3 = 0 with any initials n 1 , n 2 and n 3 . , we find that q s = −p −s for 0 ≤ s ≤ 8.
The third order linear recurrence of N m
We shall generalize the findings in above section for 0 ≤ a ≤ 8 to any integer a. Proof. It is due to above Theorem 2.2 if 0 ≤ a ≤ 8. Since p a = N a + 3N a−2 for all a ∈ Z + , then {p a } is a Narayana type sequence because
Similarly, since q a = −p −a for all a, {q a } satisfies
We now suppose that the three order recurrence N m = p t N m−t + q t N m−2t + N m−3t hold for all t ≤ a. Since Hence N m = P N,m+4 − Q N,m+2 − P N,m+1 . 
Hence after s step (with 0 < s < r), if we write
with α, β, γ ∈ Z. Then, in the next step we have N ar+b = (p a α + β)N a(s+1)+b + (q a α + γ)N as+b + αN as+b . Continue this process to reach s = 1, then it follows that N m is a linear combination of N 2a+b , N a+b and N b .
For example, for N 38 we may take any a < 38, say a = 7. Since (p 7 , q 7 ) = (15, −7) by Theorem 2.1, N 38 can be obtained easily by Theorem 3. Proof. Let r = 3, Lemma 2.1 shows N 4(4) = 5N 4(3) − 2N 4(2) + N 4 , so we have
Remark 4.1. Theorem 4.1 is a sum of 4k subscripted Narayana numbers. But in our context, Eq. (4.1) can be explained as a sum of entries of 4-th column in the 4 columns Narayana table. We now shall study the sum of entries of any b-th column in the 4 columns Narayana table. 
